Let k be a positive integer and G be a connected graph. This paper considers the relations among four graph theoretical parameters:
Introduction
For terminology and notation on graph theory not given here, the reader is referred to [5] or [15] . Let G = (V , E) be a finite simple graph with vertex set V = V (G) and edge set E = E(G). For x ∈ X, we use I k (x ∈ X) to denote the set of vertices of G that are in N k [x] but not in N k [X − {x}] . If I k (x ∈ X) = ∅, then x is said to be k-redundant in X. In the context of a communication network, this means that any vertex that may receive communications from X within distance k may also be informed from X − {x} within distance k. A set X containing no k-redundant vertex is called k-irredundant, that is, I k (x ∈ X) = ∅ for any x ∈ X.
A k-irredundant set X of G is called to be maximal if X ∪ {y} is not a k-irredundant set of G for any y ∈ V (G) − X. The k-irredundance number of G, denoted by ir k (G) , is the minimum cardinality taken over all maximal k-irredundant sets of G. A maximal k-irredundant set of cardinality ir k (G) is called an ir k -set. The concept of the k-irredundance was introduced by Hattingh and Henning [9] .
A set D of vertices in G is called to be a k-dominating set of G if every vertex of V (G) − D is within distance k from some vertex of D. A k-dominating set D is called to be connected if G [D] , a subgraph of G induced by D, is connected. The minimum cardinality among all k-dominating sets (resp. connected k-dominating sets) of G is called the k-domination number (resp. connected k-domination number) of G and is denoted by k (G) (resp. c k (G)). The concept of the k-dominating set was introduced by Chang and Nemhauser [6, 7] .
A set I of vertices of G is said to be a k-independent set if every vertex in I is at distance at least k + 1 from every other vertex of I in G; and a k-independent dominating set if I is a k-independent set and a k-dominating set, or equivalently, is a maximal k-independent set. The k-independent number k (G) is defined as the maximum cardinality taken over all k-independent sets of G; the k-independent domination number i k (G) is defined as the minimum cardinality taken over all k-independent dominating sets of G.
Since the distance versions of domination have a strong background of applications, many efforts have been made by several authors to establish the relationships among distance parameters (see, for example [6, 7, [9] [10] [11] [12] [13] [14] ). It is quite difficult to determine the value of k (G) or c k (G) for any given graph G. However, from definitions, it is clear that 
In this paper, we prove that if an
, and that, for a connected graph G and k 2, c
is even, and these bounds are best possible. The former generalizes Allan et al.'s result and the latter generalizes Bo and Liu's result. As a byproduct of the proof of our main result, we also obtain k (G) 2ir k (G) − 1.
The proofs of our main results are in Section 3 and some lemmas are given in Section 2.
Lemmas
A k-independent set I of G is called to be maximal if X ∪ {y} is not a k-independent set of G for any y ∈ V (G) − X. A k-dominating set D of G is called to be minimal if D − {x} is not a k-dominating set of G for any x ∈ D.
Lemma 2.1. Let I be a k-independent set of G. Then I is maximal if and only if I is a minimal k-dominating set, whereby
Proof. Since I is a k-independent set of G, by definition, I is maximal if and only if every vertex of V (G) − I is within distance k from some vertex of I and the distance between two vertices in I is larger than k or, equivalently, I is a minimal k-dominating set of G.
The special case for k = 1 of the following result is due to Cockayne and Hedetniemi [8] , and it is stated in Lemma 2 in [9] without proof. 
Lemma 2.2. Let D be a k-dominating set of G. Then D is minimal if and only if D is a maximal k-irredundant set, whereby ir k (G) k (G).

Proof. Since
. . , G n be the connected components of G, X be a maximal k-irredundant set of G and
Proof. If X i = ∅ for some i with 1 i n, then it is easy to see that X ∪ {y} is also a k-irredundant set of G for any y ∈ V (G i ), which contradicts the maximality of X. Thus,
Since X is a maximal k-irredundant set of G, I k (x ∈ X) = ∅ for any x ∈ X, and so X i is also k-irredundant since X i ⊆ X. Suppose that there exists 1 i n such that X i is not a maximal k-irredundant set of G i , then there exists at least one vertex y ∈ V (G i ) such that X i ∪ {y} is also k-irredundant, then we have X ∪ {y} is also a k-irredundant set of G, a contradiction to the maximality of X.
The following result is a generalization of Theorem 2 in [4] , where the first part is stated in Lemma 3 in [9] without proof.
Lemma 2.5. If X is a maximal k-irredundant set of G, then for any
On the one hand, since u i ∈ I k (x i ∈ X) and I k (
On the other hand,
It follows from (1) and (2) that I k (x ∈ X ) = ∅ for any x ∈ X . By definition, X ∪ {v} is also a k-irredundant set, which contradicts the maximality of X.
(b) Let y 1 and y 2 be two distinct elements of
, we need to show that there exists
Secondly, since y 2 ∈ I k (x ∈ X) and
Lastly, by (a),
It follows from (3) to (5) that I k (x ∈ X ) = ∅ for any x ∈ X . By definition, X = X ∪ {y 1 } is also a k-irredundant set, which contradicts the maximality of X. The lemma follows.
Lemma 2.6. Let X be a k-irredundant set of G. If there exists
x ∈ X such that x ∈ I k (x ∈ X), then I k (x ∈ X) N k [v] for any v ∈ V (G) − N k [X].
Proof. Assume there exists such an
x ∈ X such that I k (x ∈ X) ⊆ N k [v] for some v ∈ V (G) − N k [X]. Then x ∈ I k (x ∈ X) ⊆ N k [v], that is, v ∈ N k [x], a contradiction to the choice of v ∈ V (G) − N k [X].
Lemma 2.7. Let k 2 and X be a maximal k-irredundant set of a connected graph G with |X| = t 2. If G[X] consists of only isolated vertices such that
Proof. Let X = {x 1 , x 2 , . . . , x t } be a maximal k-irredundant set of G and first suppose that X is not a k-dominating set in G.
Since X consists of isolated vertices such that N k (x) ∩ X = ∅ for every x ∈ X, we have x i / ∈ I k (x i ∈ X), and so there is
, by Lemma 2.5(a) there exists some i with 1 i t such
. Thus, we also have
To obtain a connected k-dominating set of G, we need some notations. For
, along the path L y i the nearest vertex to y i must be at distance k to some vertex x j ∈ X − {x i }, otherwise, we would have y i ∈ N k (x j ), a contradiction to y i ∈ I k (x i ∈ X). So there exists an x j y i -path Q y i of length k + 1 in G. Let
If the subgraph G[Z x i ] is connected, then the lemma holds clearly by Lemma 2.3. However, G[Z x i ] is not always connected. To obtain a connected k-dominating set of G from Z x i , we need to add some paths to join some pairs of vertices in Z x i . Towards this purpose, we define the graph X k with the vertex-set X and two vertices u and v being adjacent if and only if there is a shortest uv-path P uv of length at most k in G.
To complete our proof, we consider two cases. Case 1: X k is connected. Let T be a spanning tree of X k and let x i be a vertex of degree one in T. Then
which implies the lemma since
Case 2: X k is not connected. Generally speaking, the larger the number of connected components of X k is, the larger the connected domination number of G is. Thus, we may suppose that the number of connected components of X k is as large as possible. By the hypothesis of N k (x) ∩ X = ∅ for every x ∈ X, X k contains no isolated vertices. Thus, we may suppose that X k has exactly t/2 connected components. Let X 1 , X 2 , . . . , X t/2 be all connected components of X k , where X i consists of a single edge x i x i for i = 1, 2, . . . , t/2 − 1, and X t/2 is a single edge x s x s if t = 2s and X t/2 contains a path (x s , x s , x s+1 ) if t = 2s + 1.
Let M be the graph with vertices g 1 , g 2 , . . . , g t/2 and two vertices g i and g j being adjacent if and only if N k (a) ∩ N k (b) = ∅, where a ∈ X i and b ∈ X j with i = j .
We first consider M to be connected. For g i g j ∈ E(M), let P g i g j be a shortest path joining a vertex in X i to a vertex in X j in G. Then P g i g j is of length at most 2k. Let T be a spanning tree of M and P T = ∪{P g i g j : g i g j ∈ E(T )}. Let g i be a vertex of degree one different from g t/2 in T. Then there is at least one vertex in X i , say x i , corresponding to the vertex g i such that x i is an end-vertex of the shortest path P g i g j ∈ P T in G.
Then X is a connected k-dominating set of G and
From Lemma 2.3, we immediately have that
2 tk − 2k + 1, which implies the lemma since
If t = 2s + 1, then let P s+1 be a shortest path of length at most k from x s or x s to x s+1 , P X = (
From Lemma 2.3, we immediately have that 
. . , h. Then t 1 + t 2 + · · · + t h = t and without loss of generality, by the definition of M, that is, if t is even, then every vertex in M corresponds to exactly two vertices in X, and if t is odd, then only one vertex of M corresponds to three vertices in X, so t i is even for
i = 1, 2, .
. . , h − 1, t h is even if t is even and t h is odd if t is odd. Let
The proof of the lemma is complete.
The following lemma can be obtained from their definitions immediately.
Lemma 2.8. For any graph G, ir k (G) k (G) i k (G).
Main results
The following result gives a sufficient condition for the equalities in Lemma 2.8.
Theorem 3.1. If an ir k -set X is a k-independent set of G, then X is a minimum k-dominating set, whereby ir k (G)
Proof. Let X = {x 1 , . . . , x m } be an ir k -set of G. Then X is a maximal k-irredundant set. We first show that X is a k-dominating set of G. Suppose to the contrary that X is not a k-dominating set of G.
. On the one hand, by Lemma 2.5(a) there exists some x ∈ X such that I k (x ∈ X) ⊆ N k [v] . On the other hand, x i ∈ I k (x i ∈ X) for i = 1, 2, . . . , m since X is a k-independent set. By Lemma 2.6, there is no such vertex
So X is a k-dominating set and k (G) ir k (G). By Lemma 2.8, we get ir k (G) = k (G), which means that X is a minimum k-dominating set. Since X is a k-independent set, i
The theorem follows.
Corollary 1 (Allan et al. [1]). If an ir 1 -set X is an independent set of G, then ir
1 (G) = 1 (G) = i 1 (G).
Corollary 2. If ir k (
G) = 1, then c k (G) = 1.
Theorem 3.2. If a graph G is connected, k 2 and ir
and these bounds are best possible. Moreover, k (G) < 2 ir k (G) for any graph G.
Proof. Let G be a connected graph and X
. Then X could be partitioned into three disjoint subsets X 1 , X 2 and X 3 in which X 1 consists of some isolated vertices in G [X] such that N k (x) ∩ X = ∅ for any vertex x ∈ X 1 , and without loss of generality, we suppose that X 1 ={x 1 , . . . , x t 1 }; X 2 consists of other t 2 isolated vertices such that N k (x) ∩ X = ∅ for any vertex x ∈ X 2 , and we suppose that X 2 = {x t 1 +1 , . . . , x t 1 +t 2 }; and X 3 consists of (n − t 1 − t 2 ) components containing at least two vertices in G [X] . Therefore, we get 2(n − t 1 − t 2 ) + t 1 + t 2 m, i.e.,
If t 1 = n = m, then X is a k-independent set. By Theorem 3.1, X is a minimum k-dominating set and so
(Note that the connectedness of G is not used here.) By Lemma 2.3 we have that
which implies the theorem since
Assume t 1 < n and X is not a k-dominating set of G below. For each i =t 1 +1, . . . , m, I k (x i ∈ X) = ∅ and x i / ∈ I k (x i ∈ X) as X is an ir k -set and N k (x i ) ∩ X = ∅. Thus, for each i = t 1 + 1, . . . , m, we can choose
We now show that X is a k-dominating set of G. Towards this purpose, let v be an arbitrary vertex in 
So X is a k-dominating set of G. However, X is not minimal. Otherwise, by Lemma 2.2, X should be a maximal k-irredundant set, but X ⊂ X , which contradicts the choice of X. It follows that
(Note that the connectedness of G is not used here.)
Since for each y i ∈ Y there is some
has p connected components, where 1 p n.
If t 2 = 0, it follows from Lemma 2.3 and (8) 
, then along the shortest path L y t 1 +1 between x t 1 +1 and y t 1 +1 , the nearest vertex to y t 1 +1 must be at distance k to some vertex
, that is to say, there exists a path of length k + 1 between x j and y t 1 +1 , denoted by Q y t 1 +1 . Let
Then X is also a k-dominating set of G, and
Assume that G[X ]
has p connected components, where 1 p n − 1.
It follows from Lemma 2.3 and (8) that
Now we consider the case t 2 2. Let
By Lemma 2.3, since the connected domination number increases with the components of the dominating set, so we
On the one hand, since I k (x i ∈ X 2 ) = ∅, then X 2 is a k-irredundant set of H. On the other hand, suppose that X 2 is not a maximal k-irredundant set of H, then there exists a vertex x ∈ H such that X 2 ∪ {x} is also a k-irredundant of H,
Assume that H has h(h 1) connected components, H 1 , . . . , H h . By the definition of X 2 , N k (x) ∩ X = ∅ for any x ∈ X 2 , we assume that every H i contains t i 2 2 vertices of X 2 , and denote this set by H i , then by Lemma 2.4, H i is a maximal k-irredundant set of H i for any 1 i h.
. By Lemma 2.7, we have
Let D = h i=1 D i , and since
By (9), (10) and (6), (7) in Lemma 2.7, we get
Let
and G[Z] had at most n − t 2 + h connected components. By Lemma 2.3, (8), (11) and (12) we have We first consider the case that m is even and so let m = 2s. For a given positive integer k 2, let G be a graph obtained from a complete bipartite graph with bipartition {x 1 , x 2 , . . . , x s } and {x 1 , x 2 , . . . , x s } by replacing every edge (Fig. 1) . Let W j be the set of vertices in W at distance j from some x i or x i , where 1 j k − 1. We now construct a graph G from G by adding some internally disjoint paths of length at most k as follows.
For every vertex u ∈ W 1 , if it is at distance one from an x i (or x i ), then we join x i (or x i ) to u by a path of length k; for every vertex u ∈ W a (2 a k − 1), if it is at distance a from an x i (or x i ), then we join x i (or x i ) to u by a path of length k, and along this path from x i (or x i ) to u, the ath vertex is joined to x i (or x i ) by a path of length (k + 2 − a). For m is odd, we can construct a graph G such that ir k (G) = m and c k (G) = 
Remark 1.
The result that k (G) < 2 ir k (G) for any graph G was first noted by Hattingh and Henning [9] , but the proof was omitted. And the graph G constructed like above could be proved that k (G) = 2 ir k (G) − 1 for k 2. The special case of k = 1 was obtained by Bollobás and Cockayne [4] . Furthermore, this bound is also tight.
For a positive integer h, consider a cycle C (2k+1)h whose vertex set is labelled as {u j : j =1, . . . , (2k+1)h}. Since the cycle is vertex-transitive, it is easy to verify that the set H ={u j : j ≡ 1 (mod 2k+1)} is an ir k -set of the cycle C (2k+1)h . And since H is k-independent, by Theorem 3.1, we could get that ir k (C (2k+1)h ) = k (C (2k+1)h ) = i k (C (2k+1)h ) = h. On the other hand, it is also easy to verify that the set T = {u 1 , . . . , u (2k+1)h−2k } is a minimum connected k-dominating set of C (2k+1)h . It follows that c k (C (2k+1)h ) = (2k + 1)h − 2k = (2k + 1)ir k (G) − 2k. [3] ). If a graph G is connected, then c 1 (G) 3ir 1 (G) − 2.
Corollary 3 (Bo and Liu
